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Abstract
As an attempt to give an unified description of quark and lepton mass
matrices Mf , the following mass matrix form is proposed: the form of the
mass matrices are invariant under a cyclic permutation (f1→f2, f2→f3, f3→f1)
among the fermions fi. The model naturally leads to the maximal mixing
between νµ and ντ , and with an additional ansatz, it leads to the well-satisfied
relations |Vus| ≃
√
md/ms and |Vcb| ≃
√
md/mb.
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1 Introduction
The times of the phenomenological study of the quark mass matrices have been over. How-
ever, as far as the study of the neutrino mass matrix is concerned, the phenomenological
study still have the meaning. It is still important to investigate the unified description of
the quark and lepton mass matrices from the phenomenological point of view.
In such a phenomenological study, the key to the unified description is to find a
fermion basis on which the quark and lepton mass matrices at the unification energy
scale take a simpler and beautiful form. Concerning this point, recently, Takasugi and
his collaborators [1] have discussed a neutrino mass matrix on a very interesting basis,
which is described by a discrete symmetry Z3. However, in their neutrino mass matrix
model, the charged lepton mass matrix is given by a diagonal form, so that the model
cannot give any predictions for charged lepton mass spectrum. And, at present, they have
not applied their idea to the quark mass matrices. However, their basic idea seems to be
highly promising for a unified description of quark and lepton mass matrices.
Stimulated by their idea, in the present paper, we investigate fermion mass matrices
with the form
M = aE + bS(θ), (1.1)
E =
1√
3


1 0 0
0 1 0
0 0 1

 , S(θ) = 1√6


0 eiθ e−iθ
e−iθ 0 eiθ
eiθ e−iθ 0

 , (1.2)
where the matrices E and S(θ) have been normalized as TrE2=TrS2(θ)=1. Although
Takasugi and his collaborators [1] have related the form (1.1) to a Z3 symmetry, in
this paper, we require that the mass matrix is invariant under a cyclic permutation
(f1→f2, f2→f3, f3→f1) where fi are quarks and lepton fields (f = u, d, ν, e). The form
(1.1) is the most general form which is invariant under the cyclic permutation and which
is Hermitian. The matrix M given in Eq. (1.1) is diagonalized by the tri-maximal mixing
matrix [2]
VT ≡ 1√
3


1 1 1
ω ω2 1
ω2 ω 1

 , (1.3)
where ω = e2pii/3, as follows:
VTMV
†
T =


m1 0 0
0 m2 0
0 0 m3

 , (1.4)
2
m1 =
1√
3
a+
2√
6
b cos θ,
m2 =
1√
3
a− 1√
6
b cos θ +
1√
2
b sin θ, (1.5)
m3 =
1√
3
a− 1√
6
b cos θ − 1√
2
b sin θ,
Note that any mass spectrum with three families can be described by the form given in
Eq. (1.1), because the three terms (a-, b cos θ-, and b sin θ-terms) in Eq. (1.1) are trans-
formed into the three diagonal matrices, diag(1, 1, 1), diag(2,−1,−1), and diag(0, 1,−1),
respectively, which are independent of each other. Therefore, we have the same number of
parameters as the number of the observable quantities (mass values). Besides, if the mass
matrices of all fermion sectors are given by the form (1.1), then the Cabibbo-Kobayashi-
Maskawa (CKM) matrix V will be given by V = VTV
†
T = 1 (or V = V
2
T ). We must assume
an additional term which will break the cyclic permutation symmetry. Nevertheless, in
this paper, we would like to emphasis that the mass matrix form (1.1) which is given on
the cyclic permutation symmetric basis will shed a new light on the unified description of
quarks and leptons. The purpose of the present paper is not to give a theoretical model for
the unified description, but to show how we can see many suggestive empirical relations
for the fermion masses and mixings if we take a basis on which the mass matrices are
cyclic permutation invariant.
2 Basic assumptions
Our basic assumptions for the fermion mass matrices Mf are as follows: (i) The mass
matrices Mf are given by a bi-linear form
Mf = m
f
0KfK
†
f , (2.1)
and (ii) the matrices Kf have a cyclic permutation invariant form
Kf = afE − bfS(θf ), (2.2)
where E and S(θf ) are defined in Eq. (1.2). Here, in contrast to the definition of M given
in Eq. (1.1), we have changed the sign of the coefficient of S(θ) such as the angle θf is
in the range 0 ≤ θf ≤ pi/2 for af > 0, bf > 0 and mf1 < mf2 < mf3 . In the expression
(2.2), the substantial parameters are only bf/af and θf , because we discuss only the mass
rations in the present paper.
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The form of Mf , (2.1), may be interpreted by a generalized seesaw scenario [3]
(fL FL)

 0 mL
mR MF



 fR
FR

 , (2.3)
with mL∝mR∝Kf and MF∝1, where F are hypothetical heavy fermions in addition
to the conventional quarks and leptons f . However, in the present paper, we do not
discuss the origin of the form of Mf given in Eq. (2.1) and confine ourselves to discuss
phenomenological aspects of the model.
Note that if we assume bf/af = 1, we obtain the relation [5]
m1 +m2 +m3 =
2
3
(
√
m1 +
√
m2 +
√
m3)
2, (2.4)
which is excellently satisfied by the observed charged lepton masses.
In Table 1, we give values of bf/af and θf which are evaluated from the observed
values of mfi and the relations
R ≡ 3 m1 +m2 +m3
(
√
m1 +
√
m2 +
√
m3)2
= 1 + (bf/af)
2, (2.5)
and
tan θf =
√
3
√
m3 −√m2√
m3 +
√
m2 − 2√m1 . (2.6)
For comparison, we have given the values bf/af and θf for the following three cases: (a)
the observed charged lepton masses and the running quark masses mqi (µ) at µ = mZ , (b)
the fermion masses mfi (µ) at µ = ΛX = 2 × 1016 GeV in a non-SUSY scenario, and (c)
the fermion masses mfi (µ) at µ = ΛX = 2 × 1016 GeV in a SUSY scenario (the quark
mass values have been quoted from [4]). As seen in Table 1, the values bf/af and θf are
not so sensitive to the renomalization group effects (evolution of the Yukawa coupling
constants), because those have been determined only from mass ratios.
We may read the values θf given in Table 1 as
cos θe =
√
11
24
, cos θd =
√
9
24
, cos θu =
√
7
24
, (2.7)
which give the angle values θe = 47.39
◦, θd = 52.24◦ and θu = 57.31◦, respectively, and
give the relation cos2 θe− cos2 θd = cos2 θd− cos2 θu = 1/12. Of course, the relations (2.7)
may be accidental coincidence, and they do not need to be taken seriously.
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Note that not only the down-lepton masses, but also the down-quark masses give
bf/af ≃ 1, so that the down-quark masses also satisfy the relation given in Eq. (2.4).
[However, the value of mf1/m
f
2 is sensitive to the deviation of bf/af from bf/af = 1. If we
take bd/ad = 1, we must accept the prediction of m
d
1 with the deviation of 2σ.] On the
other hand, in contrast to the values of be/ae and bd/ad, the value of bu/au is considerably
deviated from bu/au = 1. For a reference, in Table 1, we list values of tan
−1(bf/af), where
we put af and bf as af = cosφf and bf = sinφf since only the ratio bf/af is meaningful.
It is interesting that φf show φu ≃ θd and φd ≃ θe and φe = 45◦.
3 Neutrino mass matrix
We assume that neutrino mass matrix Mν is generated by the seesaw mechanism[6], i.e.,
Mν ≃ −MDM−1R MTD , (3.1)
whereMD andMR are Dirac and Majorana mass matrices, νLMDνR and ν
c
RMRνR, respec-
tively, where νcR = (νR)
c = CνTR. Since we consider that in a similar way to the charged
lepton sector, the Dirac mass matrixMD is diagonalized by the tri-maximal mixing matrix
VT as
VTMDV
†
T = DD = diag(m
D
1 , m
D
2 , m
D
3 ) . (3.2)
The neutrino mass matrix Mν given in Eq. (3.1) is written as
M ′ν = VTMνV
T
T ≃ −DD(V ∗TMRV †T )−1DD . (3.3)
If the Majorana mass matrix MR is simply given by MR = mR1, then, by using the
relation
VTV
T
T =


1 0 0
0 0 1
0 1 0

 , (3.4)
we obtain the form
M ′ν = −
1
mR
DD


1 0 0
0 0 1
0 1 0


−1
DD = − 1
mR


(mD1 )
2 0 0
0 0 mD2 m
D
3
0 mD2 m
D
3 0

 , (3.5)
When we take (mD1 )
2≃mD2 mD3 , we obtainmν1 ≃ |mν2| = |mν3| = mD2 mD3 /mR and sin2 2θ23 =
1. Thus, we can obtain a natural explanation of the maximal mixing between νµ and ντ
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which is suggested by the atmospheric neutrino data [7]. However, the present oversim-
plified scenario (MR = mR1) cannot give |∆m212| ≪ |∆m223| (∆m2ij = (mνi )2 − (mνj )2) and
sin2 2θ12 6= 0 which are required for the explanation of the solar neutrino data [8]. In
order to give a realistic numerical result, we must take other terms in MR and MD into
consideration.
For the structure of MR, an alternative scenario is also attractive : the Majorana
mass ternM ′R = VTMRV
T
T on the basis ν
′
R = VTνR is again given by the cyclic permutation
invariant form
M ′R = mRKR. (3.6)
[However, M ′R is invariant under the cyclic permutation not of νRi, but of ν
′
R.] Since M
′
R
must be symmetric, i.e., (M ′R)
T = M ′R, the angle parameter θ must be zero :
KR = aRE − bRS(0). (3.7)
If we take a special case bR/aR =
√
2, i.e.,
KR =
aR√
3


1 −1 −1
−1 1 −1
−1 −1 1

 , (3.8)
we obtain
(M ′R)
−1 = − 1
mR
√
3
2aR


0 1 1
1 0 1
1 1 0

 , (3.9)
and
M ′ν ≃ −DD(M ′R)−1DD =
1
mR
√
3
2aR


0 mD1 m
D
2 m
D
1 m
D
3
mD1 m
D
2 0 m
D
2 m
D
3
mD1 m
D
3 m
D
2 m
D
3 0

 . (3.10)
The form of M ′ν in Eq. (3.10) is already discussed in Ref. [9] for the case bν = −1/2 in
the “democratic seesaw” model [10]
Mf ≃ −mLM−1F mR, (3.11)
mL =
1
κ
mR =
m0√
mτ +mµ +me
diag(
√
me,
√
mµ,
√
mτ ), (3.12)
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MF = mF{


1 0 0
0 1 0
0 0 1

+ bf


1 1 1
1 1 1
1 1 1

}, (3.13)
and it is known [9] that the case bν = −1/2 gives the maximal mixing between νµ and ντ .
Furthermore, if we consider a special case with mD2 = m
D
3 , which arises from θD = 0
in MD = KDK
†
D, we obtain a simple neutrino mass matrix of the form
M ′ν =


0 x x
x 0 y
x y 0

 , (3.14)
where x = (
√
3/2aRmR)m
D
1 m
D
3 and x/y = m
D
1 /m
D
3 . This matrix form given in Eq. (3.14)
has recently been proposed by Ghosal [11] on the basis of discrete Z3×Z4 symmetries.
The mass matrix M ′ν given in Eq. (3.14) gives the eigenvalues (m
ν
1,−mν2 ,−mν3),
mν1 =
1
2
(
√
y2 + 8x2 + y), −mν2 = −
1
2
(
√
y2 + 8x2 − y), −mν3 = −y, (3.15)
(we have defined mνi as m
ν
i > 0 and m
ν
1 > m
ν
2 > m
ν
3), and the mixing matrix
U =


c12 s12 0
− 1√
2
s12
1√
2
c12 − 1√
2
− 1√
2
s12
1√
2
c12
1√
2

 , (3.16)
where c12 = cos θ12 =
√
mν1/(m
ν
1 +m
ν
2) and s12 = sin θ12 =
√
mν2/(m
ν
1 +m
ν
2). There-
fore, for x≫y (|mD1 |≫|mD3 |), we obtain the relations ∆m212 ≃ 2
√
2xy and ∆m223 ≃ 2x2
together with c12≃s12≃1/
√
2, which leads to a bi-maximal mixing. Thus, we can give
a reasonable explanation both for the atmospheric and solar neutrino data regarding
∆m212≃∆m2solar∼10−10 eV2 and ∆m223≃∆m2atm∼10−3 eV2.
4 CKM mixing matrix
If we apply the matrix form given in Eq. (2.2) to the up- and down-quark sectors, we
obtain the wrong result V = 1. Therefore, let us modify the matrix Kf by adding a small
term cfPω:
Kf = afE − bfS(θf) + cfPω . (4.1)
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Pω =
1√
3
diag(ω, ω2, 1) . (4.2)
Then, the form (4.1) is not invariant under the cyclic permutation (f1 → f2, f2 → f3, f3 →
f1). The term (ωf1Lf1R+ω
2f 2Lf2R+f3Lf3R) is transformed into ω
2(ωf1Lf1R+ω
2f 2Lf2R+
f 3Lf3R) under the cyclic permutation. However, if the E and S terms are absent in the
matrix Kf , the form of Pω is invariant under the cyclic permutation, because the common
phase factor is unphysical. We regard the small Pω term as a “form” invariant term under
the cyclic permutation in the extended meaning.
The modified matrixKf given in Eq. (4.1), is transformed by the tri-maximal mixing
matrix VT as
K ′f = VTKfV
†
T =
1√
3


λf1 0 0
0 λf2 0
0 0 λf3

+ cf√3


0 1 0
0 0 1
1 0 0

 , (4.3)
where λfi are the eigenvalues of the matrix
√
3[afE − bfS(θf)] and they are explicitly
given in Eq. (1.5) with mi → λi/
√
3.
The mixing matrix UL is obtained by the diagonalization of the Hermitian matrix
M ′f = m0K
′
f(K
′
f )
† =
1
3
m0




λ21 λ2cf λ1c
∗
f
λ2c
∗
f λ
2
2 λ3cf
λ1cf λ3c
∗
f λ
2
3

+ |cf |21

 . (4.4)
For a small cf and λ
2
3 ≫ λ22 ≫ λ21, the eigenvalues of M ′f are given by
m1≃1
3
m0λ
2
1 , m2≃
1
3
m0(λ
2
2 + |cf |2) , m3≃
1
3
m0(λ
2
3 + 2|cf |2) , (4.5)
and the mixing angles are given by
tan 2θ12 ≃ 2λ2|cf |
λ22 − λ21
≃ 2 |cf |
λ2
, (4.6)
tan 2θ23 ≃ 2λ3|cf |
λ23 − λ21
≃ 2 |cf |
λ3
, (4.7)
and θ13 ≃ 0. (If cf is complex, i.e., argcf 6= 0, the elements U12 = sin θ12 and U23 = sin θ23
are replaced by U12 = sin θ12 exp(i arg cf) and U23 = sin θ23 exp(i arg cf ), respectively.)
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If we consider that the value of |cf |2 in the up-quark sector is sufficiently small so that
θuij≃0, we obtain
∣∣∣∣VcbVus
∣∣∣∣ ≃ |U
d
23|
|Ud12|
≃ λ
d
2
λd3
≃
√
ms
mb
= 0.176, (4.8)
which is in good agreement with the experimental value [12] |Vcb/Vus| = (0.0373 ±
0.0018)/(0.2205 ± 0.0018) = 0.169 ± 0.008. Note that in order to obtain the relation
(4.8), the assumption (i) given in Eq. (2.1) is essential.
When we denote M ′f as
M ′f = M
0
f +
1
3
|cf |21 , (4.9)
as a trial, let us suppose that the lowest one of the three eigenvalues of the mass matrix
M0f except for the common constant term |cf |21 is assigned to zero, i.e.,
detM0f = 0 . (4.10)
In this scenario, we obtain
|cf |2 ≃ λ21, (4.11)
together with mf1 = |cf |2/3. Neglecting the mixings in the up-quark sector, we obtain
|Vus| ≃ |cd|/λd2 ≃
√
md/ms = 0.224, (4.12)
|Vcb| ≃ |cd|λd3 ≃
√
md/mb = 0.0395, (4.13)
which are in good agreement with the experiments. However, at present, there is no
theoretical understanding behind the assumption given in Eq. (4.10).
The existence of the Pω term with |cf |2≃(λf1)2 slightly changes the predicted values
of mfi from the case of cf = 0. Especially the values of m
f
2 is sizably changed as m
f
2 =
(λf2)
2/3→mf2≃[(λf2)2+|cf |2]/3. However, for the charged leptons, the existence dose not so
badly spoil the relation given in Eq. (2.4), because |ce|2/(λe2)2≃(λe1/λe2)2≃(me1/me2)∼10−3.
In order to obtain the best fit values of mfi , the values of bf/af and θf will slightly be
changed from the values given in Table 1.
5 Concluding remarks
In conclusion, we have pointed out that we can see many interesting relations for the
quark and lepton masses and their mixings if we take a basis on which the form of the
mass matrices is invariant under the cyclic permutation (f1→f2, f2→f3, f3→f1). We have
assumed that the mass matrices Mf are given by the bi-linear form [given in Eq. (2.1)],
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where the matrix Kf is given by Eq. (4.1). If we put be/ae = 1 together with ce = 0, we
obtain the relation given in Eq. (2.4) which is in excellent agreement with experiments.
We think that the form of the down-lepton mass matrix with bf/af = 1 is the most
fundamental one. Although there is at present no explicit theoretical ground for the
ansatz given in Eq. (4.10), however, if we accept the ansatz, we can obtain the well-
satisfied relations for |Vus| ≃
√
md/ms and |Vcb| ≃
√
md/mb. It is also worth while to note
that the model naturally leads to the maximal mixing between νµ and ντ . (This result
is independent of the assumption given in Eq. (2.1).) If we take the special values of
the parameters, we can obtain a beautiful neutrino mass matrix (Ghosal’s neutrino mass
matrix) given in Eq. (3.14) which leads to bi-maximal mixing.
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Table 1: Numerical values of the parameters bf/af [and also φf = tan
−1(bf/af)] and θf ,
which are defined by (2.5) and (2.6) in the text. Input values mfi (µ) are quoted from
Ref. [4], where ΛX = 2× 1016 GeV. The values of bf/af and θf have been evaluated only
from the center values of mfi (µ).
Inputs Outputs
mf1(MeV) m
f
2(MeV) m
f
3(GeV) bf/af φf θf
(mei )obs 0.510999 105.6584 1.77705
+0.00029
−0.00029 1.0000 45.000
◦ 47.2680◦
mei (ΛX)non−SUSY 0.493486 104.152 1.7706±0.0003 1.0019 45.054◦ 47.336◦
mei (ΛX)SUSY 0.3250203 68.598 1.1714±0.0002 1.0026 45.073◦ 47.367◦
mdi (mZ) 4.69
+0.60
−0.66 93.4
+11.8
−13.0 3.00± 0.11 1.047 46.30◦ 52.43◦
mdi (ΛX)non−SUSY 1.49
+0.25
−0.28 38.7
+4.9
−5.4 1.07± 0.04 1.024 45.69◦ 51.77◦
mdi (ΛX)SUSY 1.33
+0.17
−0.19 26.5
+3.3
−3.7 1.00± 0.04 1.070 46.93◦ 53.07◦
mui (mZ) 2.33
+0.42
−0.45 677
+56
−61 181± 13 1.287 52.15◦ 57.05◦
mui (ΛX)non−SUSY 0.94
+0.17
−0.18 272
+22
−24 84
+18
−13 1.295 52.33
◦ 57.26◦
mui (ΛX)SUSY 1.04
+0.19
−0.20 302
+25
−27 129
+196
−40 1.312 52.68
◦ 57.68◦
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